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Abstract
Bitcoin Pricing Kernels are inferred using a novel data set from Deribit,
one of the largest Bitcoin derivatives exchanges. This enables arbitrage-free
pricing of various instruments. State Price Densities are estimated with
Rookley’s method. The underlying asset process is viewed through the lens
of a Stochastic Volatility with Correlated Jumps (SVCJ) framework. Shape
invariant pricing kernels are reported. Market inefficiencies are assessed based
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Since the inception of Bitcoin as proposed by Nakamoto (2009), the electronic
peer to peer cash payment system has come a long way. With the rise of diverse
exchanges enabling trading of Cryptocurrencies (CC), the introduction of a corre-
sponding derivatives market professionalized the environment. Among those, Deribit
Exchange attracts the vast majority of option trading volume. As of 2021-02-15
Deribit manages about two thirds of the Bitcoin option volume, which translates
into 24-hour option trading volume of over 22,000 BTC, more than one billion USD
(Coinmarketcap 2021).
As derivatives markets are particularly rich in information, their evolution provides
a unique opportunity to assess the Bitcoin market. A classical tool to infer key
information from an options market are State Price Densities (SPD). SPDs are
that risk-neutral probability density, under which investors price derivatives. Hence
they reflect investor’s expectations about future prices at a fixed point in time,
namely option maturity. As probability densities uniquely define the corresponding
probability distribution, SPDs enable us “to derive the whole risk-neutral probability
distribution of the underlying asset price at the maturity date of the options” (Huynh,
Kervella, and Zheng 2002b, 171). Revelation of this distribution provides the key
to pricing exotic or illiquid options, such as Bitcoin options, in an arbitrage-free
manner (Aït-Sahalia and Lo 1998).
In conjunction with the Physical Density (PD) of Bitcoin returns, Pricing Kernels
(PK) can be inferred. The underlying asset process is viewed through the lens of
a Stochastic Volatility with Correlated Jumps (SVCJ) framework. Observing a
multitude of PKs over time, a common shape is extracted by collapsing the single
PKs into a Shape Invariant Model (SIM). Their relationship is shown by means of
parameters which govern horizontal and vertical shifts.
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Finally, a trading simulation is conducted. If the investors were perfectly rational,
then by no-arbitrage arguments, the SPD should be equal to the PD. Using
deviations between the densities in order to identify mispriced events, a portfolio is
built and its performance evaluated.
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2 Literature Review
Breeden and Litzenberger (1978) derive SPDs using Arrow-Debreu prices and
Butterfly Spreads. Their paper was the cornerstone for the now existing vast
literature on SPDs, which encompasses a variety of approaches.
A particularly useful approach has been presented in Rookley (1997), who develops
a nonparametric estimation method for SPDs. Rookley estimates IV smiles by
decomposing the functional relationship between implied volatility and moneyness
and time-to-maturity. With such an estimate, it is possible to derive the SPD at
every point in a robust way. This nonparametric estimation is advantageous over
former approaches because it does not assume a functional form for the SPDs or
investor prefrences.
Aı̈t-Sahalia, Wang, and Yared (2001) estimate PKs from S&P500 options data and
the according return series in order to assess the efficiency of the options market.
Departures from SPD and PD are used to identify inefficient pricing. A trading
strategy exploiting the skewness and kurtosis of the densities is proposed and shown
to have a high Sharpe Ratio.
Grith, Härdle, and Park (2009) estimate shape invariant PKs. With European
DAX option and return data, a series of empirical PKs is estimated from 2003
until 2006. While the risk-neutral density is inferred using Rookley’s method, the
PD is estimated with a GARCH model. The goal is to find a common shape
among the empirical PKs and to define the deviations of the individual curves
from the reference curve. The deviations are described using a set of parameters
for horizontal and vertical shifts away from the reference curve. Furthermore, the
paper aids the understanding of investor’s risk aversion as well as it provides a link
between risk aversion and PKs.
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Whereas GARCH models have been proven to be useful in this context, other
methods are available in order to estimate PDs. Some interesting approaches are
summarized in the following.
Based on the ideas of Cox, Ingersoll, and Ross (1985) as well as Heston (1993), a
closed-form solution for affine jump diffusion (AJD) processes has been presented
by Duffie, Pan, and Singleton (2000). Generally, AJD processes describe “a jump-
diffusion process for which the drift vector, instantaneous covariance matrix, and
jump intensities all have affine dependence on the state vector.” (Duffie, Pan, and
Singleton (2000) first page, intro).
Chen et al. (2018) investigate different AJD approaches for Bitcoin, among which SJ
(Stochastic Jump), SVJ (Stochastic Volatility with Jumps) and SVCJ (Stochastic
Volatility with correlated Jumps) can be found. Parameter estimation is performed
using a Metropolis-Hastings Monte Carlo model and the SVCJ approach is concluded
to be best-suited to describe Bitcoin price changes.
Belaygorod (2005) states how to change from the risk-neutral to the physical
measure in the discussed stochastic volatility models.
Matic (2020) analyzes the performance of various hedging models for cryptocurrency
options. Good performance is presented for the Black-Scholes and the Heston
model, while the results of the Merton model cannot compete. However, there is a
substantial default probability due to fat tail events, which is probably attributable
to jumps.
Perez (2018a) provides a Shiny App that prices potential cryptocurrency options




PDs are estimated based upon Quandl (2020) End-of-Day BTC/USD Prices from
2019-01-01 until 2020-03-01. The information set is artificially restricted to the
observation time, e.g. for any orderbooks traded on 2020-09-01, the price of the same
day will be used. All SPDs are calculated in a similar manner. For every observed
day, all order book changes are collected from the first second until 11:59:59 pm.
With permission of Deribit, executed trades and orderbook changes have been
tracked since the beginning of March 2020 on their exchange. The latter is the
foundation for this thesis. The data base is available on the Blockchain Research
Center (BRC) of Humboldt-Universität zu Berlin.
The full data set includes all parameters that the Deribit API V2.0 returns at the
time of collection under the methods
• public/get_last_trades_by_instrument_and_time
• public/get_order_book











Apart from negligble downtime, all order book changes and trades are captured for
BTC based instruments. All options are European options. All SPDs are estimated
using orderbooks only.
Spot prices of the underlying Deribit-BTC-USD-Index are calculated as a weighted












The following explanation is given by Deribit (2020a): “From the 11 exchanges, we
exclude all disconnected, administratively turned off and having detected invalid
data. Then, the values from remaining sources are sort, truncated to the 0.5%
margin around the median price and averaged with equal weight.”
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3.2 Preprocessing
Despite market maker’s obligation to quote all instruments at most of the time
(Deribit 2020c), some may not be quoted or only be quoted at the cost of a large
spread. The former may for example occur in the form of an implied volatility being
zero at the bid. A large part of this can be explained by FOTM contracts, where
the bidding minimum tick size exceeds the target IV. Due to rarer observations
for options with a larger time-to-maturity 𝜏, it is restricted to be smaller than one
quarter of a year. 𝜏 is defined in such a manner that one year until maturity means
𝜏 = 1.
Those cases, as well as all duplicates, are excluded from the data set in the
preprocessing. Additionally, call options are exclusively used in order to estimate
the IV surface in Rookley’s method. Put-Call-Parity ensures arbitrage-free Put
option prices aswell.
As a contract’s value differs according to their strike price K and the spot price S,
these variables are collapsed into moneyness 𝑀, which is defined as the ratio 𝑆𝐾
(sometimes vice versa). The positive effects are manifold: First, it increases compa-
rability between different instruments, as IV surfaces and PKs can be compared
despite varying spots and strikes. Second, it reduces the amount of parameters in
the nonparametric SPD estimation, thus easing the effects of the curse of dimen-
sionality. Third, it indicates the degree of certainty behind an instrument’s payoff:
An option that is deep in-the-money (ITM), has a high probability for a payout as
the spot is far larger than the strike. In such a case, a price drop until maturity
may be unlikely. Conversely, an option’s value that is far out-of-the-money (FOTM)
primarily draws it’s value from time to maturity 𝜏 and does not carry any intrinsic
value (yet).
Furthermore, deep ITM options will have a Black-Scholes Δ close to one, meaning
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that a portfolio holding such an instrument will gain proportionally as a response to
an increase in the underlying. However, OTM options are cheaper in absolute terms
as their value is entirely extrinsic. An investor whose portfolio mainly consists of
OTM options may be regarded as risk affine.
To summarize all preprocessing:
• Duplicates are omitted
• Puts are disregarded for SPD estimation (not for trading)
• Moneyness is restricted to be within the interval [0.7, 1.3]
• 𝜏 is restricted to be within the interval [0, 0.25]
• Bid IV must be larger than zero




More than 41 million order book snapshots have been collected on Deribit from
2020-03-04 until 2020-12-12.
As the start of the data collection in March 2020 coincided with the “Corona
Crisis” and it’s adverse effects on financial markets, it may be insightful to study
it’s effects on Bitcoin option markets. Figure 1 depicts clearly how the distress
caused by the financial “Corona Shock” (and subsequently large, negative returns)
translated into higher risk premia as measured by implied volatility. Despite more
than doubling the implied volatility on both sides of the spread, Bitcoin options
were not overpriced considering the high realized volatility.
The underlying BTC/USD Index in Figure 2 shows how the sudden price drop in
early March 2020 translated into higher volatility and recovered subsequently.
Spreads in Figure 1 are calculated as the average IV at the best bid and ask of all
available instruments at the end of each day. While one may argue that the large
depicted spread may affect small buyers particularly, the institutional side, meaning
option writers, have also suffered under the Corona Shock as payouts of the Deribit
insurance fund show. The fund, depicted in Figure 3, grows due to liquidation fees
applied to unanswered margin calls. Vice versa the fund shrinks when payouts are
conducted to compensate option writer defaults. Due to the severity of defaults
around 2020-03-12 and 2020-03-13, Deribit has provided additional deposits, which
are depicted in Table 1 (Deribit 2020b).
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Figure 1: Implied volatility vs. realized volatility. Realized volatility is annualized
and regarded in a 7 respectively 21 day window. IV is calculated as the average of
observed orderbooks at the bid and ask. Bid IV only considered if larger than zero.
Ask IV, Bid IV, 7 Day Volatility, 21 Day Volatility.
Volatility
12
Figure 2: Average underlying BTC/USD Index per minute. Computed as the




13 March 2020 500
15 March 2020 50
17 March 2020 32
23 March 2020 100
28 April 2020 200
Table 1: Additional Deribit Insurance Fund Deposits in BTC.
Figure 3: Deribit Insurance Fund payouts show option writer defaults during the
Corona Shock. Denoted in Bitcoin.
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5 Pricing Kernels
Following Huynh, Kervella, and Zheng (2002a), suppose a risky asset whose price
follows a stochastic process {𝑆𝑡}𝑡∈ℕ and a risk-free interest rate {𝑟𝑡}𝑡∈ℕ in a complete
market.
According to the second Fundamental Theorem of Asset Pricing, a unique martingale-
equivalent measure Q exists in the described setting, under which derivatives can
be priced in an arbitrage-free manner (Pascucci and Agliardi 2011).
Let 𝐶𝑡 be the price at time t of a contingent claim 𝜓 on the risky asset (henceforth:
underlying), which has a maturity at 𝑇 and a time-to-maturity 𝜏 = 𝑇 − 𝑡.
The price of any such contingent claim can be expressed as the discounted value of
expected future payoffs, weighted with their respective probabilities of occurrence.






Transform the risk-neutral measure Q to the physical measure P.
𝐶𝑡 = 𝑒−𝑟𝑡,𝜏 ∫
∞
−∞




where the pricing kernel 𝐾(𝑆𝑇) is defined as
𝑞(𝑆𝑇)
𝑝(𝑆𝑇)
The pricing kernel can be approximated by the ratio of estimates of the risk-neutral
density and the physical density. This process is discussed and executed in the
following sections. As it is evident from the derivation, the pricing kernel can be
used to price arbitrary derivatives.
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6 Nonparametric Estimation of State Price Den-
sities
6.1 Derivation
As stated by Breeden and Litzenberger (1978), a SPD can be inferred from the






From the formula it is immediately evident that a variety of call prices 𝐶 is required
in order to calculate the complete SPD 𝑞 over a range of strike prices 𝐾. The present
value of a call can be priced in implied volatility, the only real stochastic size of
interest. In conjunction with a set of deterministic parameters (time-to-maturity
𝜏, strike 𝐾, spot 𝑆, interest rate 𝑟), the market call price can be calculated. Put
prices can be concluded by means of a no-arbitrage approach using Put-Call-Parity.
Implied volatility is estimated as a function of time-to-maturity and moneyness
in the following chapter. Using moneyness carries the advantage of reducing the
dimensions of spot price 𝑆 and strike price 𝐾 into a single size 𝑚 = 𝑆𝐾 . The same
can be achieved for the remaining parameters as information about the spot price
and the interest rate can be collapsed into a Futures price.
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6.2 Local Polynomial Estimation
Following Huynh, Kervella, and Zheng (2002b) and Rookley (1997), let the data
generating process for implied volatilites be as
𝜎 = 𝑔(𝑀, 𝜏) + 𝜎∗(𝑀, 𝜏)𝜀 (4)
with a standardized Error 𝜀, Moneyness 𝑀, 𝜏 and 𝜀 independent and 𝜎∗(𝑀, 𝜏) being
the conditional variance of 𝜎 given 𝑀 = 𝑚0 and 𝜏 = 𝜏0. Under the assumption that
the second derivatives of g exist, g can be approximated using Taylor’s Theorem.
Taylor expansion of g in a neighborhood of (𝑚0, 𝜏0):
𝑔(𝑚, 𝜏) = 𝑔(𝑚0, 𝜏0) +
𝜕𝑔
𝜕𝑀
















(𝑚 − 𝑚0)(𝜏 − 𝜏0)
(5)
The functional relationship between 𝜎, 𝑚 and 𝜏 can be expressed using a Weighted
Least Squares Estimator (WLSE), minimizing the objective function
arg min
𝛽
(𝜎 − 𝑋𝛽)𝑇𝑊(𝜎 − 𝑋𝛽) (6)
where 𝑊 = 𝑑𝑖𝑎𝑔(𝐾ℎ𝑚,ℎ𝜏(𝑀𝑗−𝑚0, 𝜏𝑗−𝜏0)) for a Gaussian kernel 𝐾 with bandwidths
ℎ𝑚 and ℎ𝜏. 𝜎 is the 𝑛 × 1 vector of oberved implied volatilities, 𝛽 is the parameter





1 (𝑀1 − 𝑚0) (𝑀1 − 𝑚0)2 (𝜏1 − 𝜏0) (𝜏1 − 𝜏0)2 (𝑀1 − 𝑚0)(𝜏1 − 𝜏0)
⋮ ⋮ ⋮ ⋮ ⋮ ⋮
1 (𝑀𝑛 − 𝑚0) (𝑀𝑛 − 𝑚0)2 (𝜏𝑛 − 𝜏0) (𝜏𝑛 − 𝜏0)2 (𝑀𝑛 − 𝑚0)(𝜏𝑛 − 𝜏0)
⎞⎟⎟⎟⎟⎟⎟
⎠
The resulting WLSE is
̂𝛽 = (𝑋𝑇𝑊𝑋)−1𝑋𝑇𝑊𝜎 (7)
6.3 Example: IV Estimation on 2020-03-06
Consider the 102,056 orderbook snapshots that are available for 2020-03-06. Their
summary statistics are displayed in Table 2. Local polynomial estimation of the IV
smile and it’s according first and second derivative can be performed with a subset.
The estimated IV for varying moneyness and a fixed 𝜏 = 0.0384, meaning maturity
is in fourteen days, is presented in Figure 4. A particularly advantageous property
of the proposed local polynomial estimation is the lack of assumptions on investor’s
preferences. Despite the simplicity, stylized facts like the existence of an IV smile is
adequately reflected in the estimates.
Parameter Spot Strike Tau IV
Mean 9093.3250 11029.6075 0.1709 0.6095
Standard Deviation 33.7434 4430.6479 0.1927 0.1226
Minimum 8999.9500 4000 0 0
First Quartile 9068.2400 9000 0.0192 0.5104
Median 9094.4800 9625 0.0575 59.4000
Third Quartile 9119.0400 11000 0.3068 0.6708
Maximum 9179.0200 36000 0.5562 0.1251
Table 2: Summary Statistics for IV Smile Estimation on 2020-03-06
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Figure 4: Volatility Smile generated with Local Polynomial Estimation. Observed




The underlying asset process is assumed to be governed by Stochastic Volatility with
Correlated Jump (SVCJ) dynamics as introduced by Duffie, Pan, and Singleton
(2000). Chen et al. (2018) analyzes the SVCJ framework for Bitcoin and suggests
that it surpasses the capabilities of Stochastic Volatility (SV) and Stochastic
Volatility with Jumps (SVJ).
7.1 Risk-neutral Measure in Continuous Time
Let {𝑆𝑡}𝑡∈ℕ denote the Bitcoin price process, {𝑑 log 𝑆𝑡}𝑡∈ℕ it’s returns and {𝑉𝑡}𝑡∈ℕ
the volatility process. As in Chen et al. (2018), the SVCJ model is defined as





𝑑𝑉𝑡 = 𝜅(𝜃 − 𝑉𝑡)𝑑𝑡 + 𝜎𝑉√(𝑉𝑡)𝑑𝑊
(𝑉 )
𝑡 + 𝑍𝑣𝑡 𝑑𝑁𝑡
𝐶𝑜𝑣(𝑑𝑊 (𝑆)𝑡 , 𝑑𝑊
(𝑉 )
𝑡 ) = 𝜌𝑑𝑡
𝑃(𝑑𝑁𝑡 = 1) = 𝜆𝑑𝑡
(8)
where 𝜅 and 𝜃 represent the mean reversion rate and level, 𝑊 (𝑆)𝑡 and 𝑊
(𝑉 )
𝑡 denote
standard Wiener processes with correlation 𝜌. 𝑁𝑡 is a Poisson jump process with
size 𝑍𝑦𝑡 and 𝑍𝑣𝑡 and mean jump arrival rate 𝜆.
The jump sizes are defined as
𝑍𝑣𝑡 ∼ exp(𝜇𝑣)
𝑍𝑡 ∣ 𝑍𝑣𝑡 ∼ 𝑁(𝜇𝑦 + 𝜌𝑗𝑍𝑣𝑡 , 𝜎2𝑦)
(9)
The model is calibrated using a Metropolis-Hastings algorithm as in Perez (2018b).













Table 3: SVCJ Parameters
Chen et al. (2018) regard SVCJ to be particularly useful for Bitcoin price processes.
It can be interpreted as an extension of Stochastic Volatility (SV) and Stochastic
Volatility Jump (SVJ) models. Additionally, the model structure allows to identify
stylized facts of assets, such as the leverage effect between returns and volatility
(Ait-Sahalia, Fan, and Li 2011). As many Bitcoin exchanges offer high leverage
possibilities, among which Deribit enables Futures trading with a lever of 100, it
would be of interest to know if a negative relation between returns and volatility
exists. Following Ait-Sahalia, Fan, and Li (2011), the typical reasoning behind
such effects is that negative returns increase trader’s debt-to-equity ratio, which
then causes higher volatility as traders have to adjust their portfolio. Within the
SVCJ framework, a leverage effect may be captured in the form of the correlation
parameter 𝜌 between the Wiener processes 𝑊 𝑆𝑡 and 𝑊 𝑉𝑡 .
While the majority of parameters are within the credible intervals estimated by
Chen et al. (2018), some parameters differ. First, no significant leverage effect
can be found (𝜌 = 0.407 before). Observed BTC/USD prices from 2019-01-01 to
2020-03-01 are used to fit the model. The estimated volatility 𝜎𝑦 is far smaller
than the previously reported 2.155 with a credible interval (CI) of [1.142, 3.168].
However, the estimate for volatility of volatility 𝜎𝑣 has tripled from 0.008 (CI [0.007,
21
0.010]) to 0.0230.
7.2 Physical Measure in Discrete Time
Belaygorod (2005) analyzes the relationship between the risk-neutral and physical
measure for different variations of stochastic volatility models, among which SVCJ
can be found. While the risk-neutral measure Q is a martingale, the physical
measure P is not one due to the existence of risk premia. In consequence, the
martingale condition E (𝑋𝑡+1|𝐹𝑡) = 𝑋𝑡 does not hold. However, it is possible for
E𝑄 to yield the price of E𝑃 when the latter is discounted at the risk-free rate
(Belaygorod 2005). The transformation is based on the change of measure as laid
out by Girsanov (1960) and the results are summarized below.
Following Belaygorod (2005) an Euler-Maruyama scheme is employed as a discretiza-
tion scheme in order to infer the PD.
𝑌𝑡Δ − 𝑌(𝑡−1)Δ
𝑌(𝑡−1)Δ
= (𝜇(𝑡−1)Δ − 𝜆𝑡ΔE𝑡Δ (Γ
𝑦







𝑉𝑡Δ − 𝑉(𝑡−1)Δ = 𝜅𝑣(𝜃 − 𝑉(𝑡−1)Δ)Δ + √𝑉(𝑡−1)ΔΔ𝜀𝑣𝑡Δ + Γ𝑣𝑡Δ𝐽𝑣𝑡Δ
(10)
(𝜀𝑦𝑡Δ, 𝜀𝑣𝑡Δ)








In the discretization scheme, arriving jumps are not Poisson-distributed but Bernoulli
random variables with probability 𝜆. A disadvantage of this representation is that
there is a non-zero chance for negative volatility due to the behavior of 𝜀𝑣𝑡Δ. Such
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an effect can be counteracted by using a small Δ (Belaygorod 2005).
7.3 Example: SVCJ Simulation
A Monte Carlo simulation is conducted following Matic (2020). After sampling
100,000 potential asset paths for each SPD on each day, a kernel density estimator
̂𝑝𝑡 is employed in order to extract the PD from the series of returns (Aı̈t-Sahalia,
Wang, and Yared 2001). For 𝑢 sample return paths enumerated from 1, ⋯ , 𝑀, the
























Bandwidth ℎ𝑀𝐶 is selected according to Huynh, Kervella, and Zheng (2002b).
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Figure 5: SVCJ Price Simulation from 2020-03-01 for the next 365 Days. 100,000
Paths were sampled. A subset of 1000 Paths is depicted. Parameters were fitted
using a Metropolis-Hastings algorithm.
SVCJ
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8 Shape Invariant Models
Naturally, having observed Bitcoin options with varying time-to-maturity 𝜏 on
different points in time, the question of dimension reduction occurs. Shape Invariant
Models (SIM) are an approach to collapse different PKs, which share a common
time-to-maturity, into a single population curve.
As stated in the Literature Review, Grith, Härdle, and Park (2009) infer empirical,
shape invariant PKs for European style DAX options. Based upon the Arrow-Pratt
measure of absolute risk aversion (ARA), they argue that the link between the
market’s risk neutral pricing to subjective, investor-specific risk adaptive behavior,
is the pricing kernel.
8.1 Algorithm
Following Grith, Härdle, and Park (2009), let {𝑌𝑡𝑗, 𝑡 = 1, ⋯ , 𝑇 ; 𝑗 = 1, ⋯ , 𝑛} be a
sample of curves measured at 𝑢𝑗 in a real-valued interval 𝐽.
𝑌𝑡𝑗 = 𝐾𝑡(𝑢𝑗) + 𝜀𝑡𝑗 (15)
where the errors 𝜀𝑡𝑗 are independent and identically distributed with a zero mean
and a constant variance.
Consider the set of curves {𝑌𝑡𝑗} to be a set of PKs measured at a different point in
time, but with a common time-to-maturity 𝜏. Then each PK can be regarded as a




) + 𝜃𝑡4 (16)
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The parameters 𝜃𝑡𝑗 can be estimated using the algorithm specified in Grith, Härdle,
and Park (2009), which is presented in the following.
Initialization:
• Estimate individual regression functions 𝐾𝑡 using a nonparametric smoother
(e.g. Nadaraya Watson Estimator)
• Set starting values for 𝜃𝑡𝑘 for each point in time





𝑡2 𝑢 + 𝜃
(0)
𝑡3 )
In every iteration, for each 𝜃𝑗, update and normalize the parameters and eventually
the reference kernel until convergence is reached.
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𝜃𝑟𝑡𝑗 for 𝑗 = (3, 4)
(18)
Update Reference Kernel
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𝑡3 ) (19)
The weight function 𝑤(𝑢) ensures that functions are compared in a domain where
the common features are defined. The presented algorithm converges even for a
larger number of pricing kernels in a reasonable time.
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8.2 Estimated Shape Invariant Pricing Kernels
Standard literature suggests the shape of PKs to be decreasing (increasing) for
higher (lower) wealth levels, which suggests risk-averse investor preferences (Grith,
Härdle, and Park 2009). The empirically estimated Bitcoin PKs support these
results. Most PKs are decreasing when wealth increases. When time-to-maturity
approaches zero, PKs have a Gaussian shape.
Moneyness 𝑚 is defined as the ratio of spot to strike price. Usually, a SPD is
depicted as a density over a range of strike prices. In order to ensure comparability
of the PKs, moneyness is chosen as the domain. Since the end-of-day spot price is
used to calculate moneyness, an increase in moneyness is actually associated with
a decrease in wealth. Vice versa, a decrease in moneyness is associated with an
increase in wealth.
The empirical PKs typically share the similarity of becoming large in the right
tail. This observation indicates a tremendous level of risk averseness among some
market participants. Apparently a substantial share of investors are consistently
insuring themselves against exceptionally high, negative returns and demonstrate
the willingness to pay substantial risk premia.
In the following, a selection of estimated shape invariant pricing kernels is presented
for instruments which have a common time to maturity, as indicated by the
subsection names. The respective observation date of each pricing kernel, which is
calculated for each instrument, is depicted in the legend. Reported Thetas are the
horizontal and vertical shift parameters as in Equation (16). Their purpose is to
link the reference kernel to a fixed, empirical pricing kernel.
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8.2.1 Maturity in 9 Days
Figure 6: Pricing Kernels estimated on different observation dates. Despite a
six month time window, the shape is similar. Maturities of the individual PKs:
2020-03-13, 2020-04-10, 2020-06-26, 2020-06-05, 2020-09-18.
SIM
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Figure 7: Convergence of the Shape Invariant Pricing Kernel. Final Iteration.
SIM
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Figure 8: Estimated parameters for horizontal and vertical shift. Theta 1, Theta 2,
Theta 3, Theta 4.
SIM
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8.2.2 Maturity in 18 Days
Figure 9: Pricing Kernels estimated on different observation Dates. Maturities of
the individual PKs: 2020-04-24, 2020-06-26, 2020-07-31, 2020-10-09.
SIM
31
Figure 10: Convergence of the Shape Invariant Pricing Kernel. Final Iteration.
SIM
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Figure 11: Estimated Parameters for horizontal and vertical shift.Theta 1, Theta 2,
Theta 3, Theta 4.
SIM
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9 Trading on Density Deviations
Knowledge of the SPD unveils investor preferences for all possible Bitcoin price
realizations at a pre-specified point in time. The SPD has a forward-looking nature
since it contains information about investor preferences and their expectations about
the future. Acknowledging that investors may misjudge, over- or underemphasize
certain outcomes, the argument can be made that a simulation from a neutral
point of view may yield better results. If this holds true, then a profitable trading
strategy might be found that may counteract shortcomings of investor valuations.
The estimated PKs indicate that investors are willing to insure themselves against
large, negative returns. This willingness is measurable by the substantial premia for
FOTM puts that are being offered and traded. Since SPDs and PDs are probability
densities, they are formally required to be strictly positive and integrate to one. This
is verified for all estimated densities. If investor’s are willing to insure themselves
against large, negative returns, then this implies additional probability mass on one
end of the tail, which means a comparative lack of probability mass somewhere else
on the domain. To continue with the example, if investors put too much weight on
left-sided fat tail events, their behavior may be counteracted by shorting FOTM
puts and buying ATM puts (and vice versa for calls). As a result, a simple trading
strategy may be constructed, consisting of a call spread and a put spread. Two
spreads are traded on the evening of each day when the SPD and the PD have been
calculated for that day and a fixed time-to-maturity 𝜏. Both are held until maturity
and standard Deribit transaction costs are applied.
On the left-hand side of Figure 12 the SPD is compared to the PD. The right-hand
side shows which instrument can be traded for each region, depending on where
the deviation between the densities is large. If multiple instruments are available,
then the one that is closest ATM is preferred. The strategy can be simulated if a
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call spread and a put spread can be traded, hence if at one instruments exist in
each of the designated four regions on the moneyness domain.
Recall that moneyness 𝑚 is defined as the ratio of spot to strike price. Usually,
a SPD is depicted as a density over a range of strike prices. In order to ensure
comparability of the PKs, moneyness is chosen as the domain. Since the end-of-day
spot price is used to calculate moneyness, an increase in moneyness is actually
associated with a decrease in wealth (negative return). Vice versa, a decrease in
moneyness is associated with an increase in wealth (positive return).
For example the densities observed on 2020-03-18, depicted on Figure 14, reveil that
investors are willing to pay a substantial premium for puts, as the difference in the
right tail shows. Naturally the payoff of the trades committed on each day varies
due to degree of density deviations as well as available instruments and direction
(long/short). One example of a payoff function is depicted on Figure 13 for the
densities observed on 2020-05-18, where time-to-maturity is four days.




Figure 13: Payoff Function for the Trading Strategy on 2020-05-18 for 4 Days until
Maturity. Denoted in USD.
Strategies
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Figure 14: State Price Density vs. Physical Density on 2020-03-18 for 2 Days until
Maturity.
Strategies




Across all observations and from the beginning of March until mid December, a set
of SPDs, PDs and eventually PKs has been created. For each PK, the discussed
strategy is employed. A total of 53 trading opportunities have been identified and
simulated. The rather small amount of trading simulations indicates that the SPD
and PD do not allow for too large deviations, which leads to the conclusion that
market inefficiencies can rarely be found using these methods.
The Profit and Loss distribution (PnL) is estimated by means of a Gaussian kernel
density estimator applied to the absolute profits (Virtanen et al. 2020). Deribit
(2020d) charges a fee of 0.015% on the delivery of options. As all options in the
simulated strategy are held until maturity, the fee is subtracted at maturity. As
the PnL distribution shows, the expected value is positive, but comes at the price
of a large variance. The Sharpe Ratio, which summarizes the performance of an
investment strategy over the risk free rate, is 0.1598. The risk-free rate is set to
zero.
Despite the large amount of orderbook observations, few trading opportunities could
actually be identified. In conjunction with the low Sharpe Ratio we can conclude
that the market is relatively efficient since the SPD and the PD are often too close
to create a valid trading strategy in the defined manner. Those opportunities that
are identifiable, create a positive payoff at such a high cost (standard deviation)
that more profitable and less risky strategies should exist.
While the proposed trading strategy performs relatively well, the risk is too high
to actually be preferable over other trading strategies. Nevertheless, a variety of
modifications can be implemented in order to counter the shortcomings. Comparing
the results with Huynh, Kervella, and Zheng (2002a), a common property of
distribution based trading strategies appears to be heavy directional risk. Delta-
Hedging may offset the directional risk which increases the strategy’s variance to
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such an extend that it is very likely to find less risky strategies, which come at a
similar payoff.





A novel data set containing high-frequency orderbook snapshots of the major Bitcoin
Derivatives exchange Deribit has been analyzed in this thesis. The market is found
to price contracts reasonably in terms of implied volatility. State Price Densities
are estimated for various instruments in order to allow arbitrage-free pricing for
arbitrary options and the provided Quantlets allow practicioners to use the provided
results. A Stochastic Volatility with Correlated Jumps framework is fitted and found
to adequately describe the Bitcoin asset process. Pricing kernels are calculated and
evaluated. Those, which share a common time-to-maturity also share a common
shape, which is summarized in the Shape Invariant Pricing Kernel. This allows to
study the evolution of pricing kernels over time as well as their common features.
It also provides a link to study investor’s absolute risk aversion. A trading strategy
has been designed based on deviations between the physical density and the State
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